Abstract. We obtain new invariant Einstein metrics on the compact Lie groups SO(n) (n ≥ 7) which are not naturally reductive. This is achieved by imposing certain symmetry assumptions in the set of all left-invariant metrics on SO(n) and by computing the Ricci tensor for such metrics. The Einstein metrics are obtained as solutions of systems polynomial equations, which we manipulate by symbolic computations using Gröbner bases.
Introduction

A Riemannian manifold (M, g) is called Einstein if it has constant
Ricci curvature, i.e. Ric g = λ · g for some λ ∈ R. For results on Einstein manifolds before 1987 we refer to the book by A. Besse [Be] . The two articles [Wa1] , [Wa2] of M. Wang contain results up to 1999 and 2013 respectively. General existence results are difficult to obtain and some methods are described in [Bö] , [BöWaZi] and [WaZi] . For homogeneous spaces G/K the problem is to find and classify all G-invariant Einstein metrics. The problem is even more difficult for the case of a Lie group, where we need to find (or prove existence) of left-invariant Einstein metrics. Even for the compact Lie groups SU(3) and SU(2) × SU(2) the number of left-invariant Einstein metrics is still unknown.
In the present paper we investigate left-invariant Einstein metrics on the compact Lie group SO(n). It is known that a compact and semisimple Lie group equipped with a biinvariant metric is Einstein. In the work [DAZi] , J.E. D'Atri and W. Ziller found a large number of left-invariant Einstein metrics, which are naturally reductive, on the compact Lie groups SU(n), SO(n) and Sp(n). In the same article they posed the question whether there exist left-invariant Einstein metrics on compact Lie groups which are not naturally reductive.
Some contributions to this problem are the following: In [Mo] K. Mori obtained non naturally reductive Einstein metrics on the Lie group SU(n) for n ≥ 6, and in [ArMoSa] the first two authors and K. Mori proved existence of non naturally reductive Einstein metrics on the compact Lie groups SO(n) (n ≥ 11), Sp(n) (n ≥ 3), E 6 , E 7 and E 8 . In [ChLi] Z. Chen and K. Liang found three naturally reductive and one non naturally reductive Einstein metric on the compact Lie group F 4 . Also, in [ArSaSt2] the authors obtained new left-invariant Einstein metrics on the symplectic group Sp(n) (n ≥ 3), and in [ChSa] I. Chrysikos and the second author obtained non naturally reductive Einstein metrics on exceptional Lie groups. We also mention the works [GiLuPo] , [Po] by G.W. Gibbons, H. Lü and C. N. Pope where they discussed left-invariant Einstein metrics on the Lie groups SO(n), G 2 and SU(3) which are however naturally reductive, as well as [Mu] by A. H. Mujtaba, who obtained certain classes of left-invariant metrics on SU(n), which were previously found in [Je2] and [DAZi] .
The aim of the present work is to obtain left-invariant Einstein metrics on the compact Lie groups SO(n) (n ≥ 7) which are not naturally reductive. The Einstein metrics obtained here are different from the ones obtained in [ArMoSa] . The idea behind our approach is to consider an appropriate subgroup K and a corresponding homogeneous space G/K whose isotropy representation decomposes into Ad(K)-irreducible and non equivalent summands. Then the tangent space g of G decomposes, via the submersion G → G/K with fiber K, into a direct sum of non equivalent Ad(K)-modules. By taking into account the diffeomorphism G/{e} ∼ = (G × K)/diag(K) we consider left-invariant metrics on G which are determined by diagonal Ad(K)-invariant scalar products on g, which in turn enables us to use well known formulas for the Ricci curvature (e.g. [Be, Corollary 7.38, p. 184] , [PaSa, Lemma 1.1, p. 52] ).
More precisely, for the group SO(n) we write n = k 1 + k 2 + k 3 , (k 1 , k 2 , k 3 positive integers), and we consider the closed subgroup K = SO(k 1 ) × SO(k 2 ) × SO(k 3 ). This determines the homogeneous space G/K = SO(k 1 +k 2 +k 3 )/(SO(k 1 )×SO(k 2 )×SO(k 3 )), which is an example of a generalized Wallach space according to [NiRoSla] . For k 1 ≥ k 2 ≥ k 3 ≥ 2 with k i = k j the isotropy representation m = m 12 ⊕ m 13 ⊕ m 23 of G/K does not contain equivalent summands, thus we consider left-invariant metrics determined by Ad(SO(k 1 )×SO(k 2 )×SO(k 3 ))-invariant inner products of the form
If k 3 = 1, k 1 ≥ k 2 ≥ 2 we omit the variable x 3 , and if k 2 = k 3 = 1, k 1 ≥ 3 we omit the variables x 2 and x 3 . In the last case the submodules m 12 and m 13 are equivalent and we treat this separately in Section 7. By using the main theorem of D'Atri and Ziller ( [DAZi] ) we obtain conditions on the positive variables x 1 , x 2 , x 3 , x 12 , x 13 and x 23 so that the above metric is naturally reductive. For all possible partitions of n = k 1 + k 2 + k 3 we write the components of the Ricci tensor and then use methods of symbolic computation to prove existence of positive solutions to systems of algebraic equations obtained by the Einstein equation. For the case of the Lie groups SO(5) and SO(6) our method gives only naturally reductive metrics.
The main result is the following: Theorem 1.1. The compact simple Lie groups SO(n) (n ≥ 7) admit left-invariant Einstein metrics which are not naturally reductive.
The paper is organized as follows: In Section 2 we recall a formula for the Ricci tensor of homogeneous spaces given in [PaSa] . In Section 3 we describe the left-invariant metrics which will be considered in this work, and in Section 4 we give conditions under which such left-invariant metrics on SO(n) are naturally reductive with respect to SO(n) × L, for some closed subgroup L of SO(n). In Section 5 we obtain explicit formulas for the Ricci tensor of left-invariant metrics. In Section 6 we investigate the solutions of the Einstein equation by using Gröbner bases. Then Theorem 1.1 follows from Propositions 6.1, 6.2 and 6.3. Finally, in Section 7 we prove that the compact Lie groups SO(n) admit only naturally reductive Ad(SO(n − 2))-invariant Einstein metrics (here k 1 = n − 2, k 2 = k 3 = 1). This case is of special interest, because the decomposition so(n) = so(k 1 ) ⊕ m 12 ⊕ m 13 ⊕ m 23 of the tangent space of SO(n) contains equivalent Ad(SO(n − 2))-modules. Hence, we need to confirm that for the Ad(SO(n − 2))-invariant metrics under consideration the Ricci tensor is diagonal.
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The Ricci tensor for reductive homogeneous spaces
In this section we recall an expression for the Ricci tensor for an G-invariant Riemannian metric on a reductive homogeneous space whose isotropy representation is decomposed into a sum of non equivalent irreducible summands.
Let G be a compact semisimple Lie group, K a connected closed subgroup of G and let g and k be the corresponding Lie algebras. The Killing form B of g is negative definite, so we can define an Ad(G)-invariant inner product −B on g. Let g = k ⊕ m be a reductive decomposition of g with respect to −B so that [ k, m ] ⊂ m and m ∼ = T o (G/K). We assume that m admits a decomposition into mutually non equivalent irreducible Ad(K)-modules as follows:
Then any G-invariant metric on G/K can be expressed as
for positive real numbers (x 1 , . . . , x q ) ∈ R q + . Note that G-invariant symmetric covariant 2-tensors on G/K are of the same form as the Riemannian metrics (although they are not necessarilly positive definite). In particular, the Ricci tensor r of a G-invariant Riemannian metric on G/K is of the same form as (2), that is
for some real numbers y 1 , . . . , y q .
Let {e α } be a (−B)-orthonormal basis adapted to the decomposition of m, i.e. e α ∈ m i for some i, and α < β if i < j. We put A 2 , where the sum is taken over all indices α, β, γ with e α ∈ m i , e β ∈ m j , e γ ∈ m k (cf. [WaZi] ). Then the positive numbers k ij are independent of the Borthonormal bases chosen for m i , m j , m k , and 
where the sum is taken over i, j = 1, . . . , q.
Since by assumption the submodules m i , m j in the decomposition (1) are mutually non equivalent for any i = j, it is r(m i , m j ) = 0 whenever i = j. If m i ∼ = m j for some i = j then we need to check whether r(m i , m j ) = 0. This is not an easy task in general. Once the condition r(m i , m j ) = 0 is confirmed we can use Lemma 2.1. Then G-invariant Einstein metrics on M = G/K are exactly the positive real solutions g = (x 1 , . . . , x q ) ∈ R q + of the polynomial system {r 1 = λ, r 2 = λ, . . . , r q = λ}, where λ ∈ R + is the Einstein constant.
We will describe a decomposition of the tangent space of the Lie group SO(n) which will be convenient for our study. We consider the closed subgroup
, where the embedding of K in G is diagonal, and the fibration
The base space of the above fibration is an example of a generalized Wallach space (cf. [NiRoSla] ). Then the tangent space so(k 1 + k 2 + k 3 ) of the orthogonal group G = SO(k 1 + k 2 + k 3 ) can be written as a direct sum of two Ad(K)-invariant modules, the horizontal space m ∼ = T o (G/K) and the vertical space so(k 1 ) ⊕ so(k 2 ) ⊕ so(k 3 ), i.e.
so(k
The tangent space m of G/K is given by k ⊥ in g = so(k 1 + k 2 + k 3 ) with respect to −B. If we denote by M(p, q) the set of all p × q matrices, then we see that m is given by
and we have
Note that the action of Ad(k) (k ∈ K) on m is given by
where 
Note that the irreducible submodules m ij are mutually non equivalent, so any G-invariant metric on the base space G/K is determined by an Ad(K)-invariant scalar product x 12 (−B)| m 12 +x 13 (−B)| m 13 + x 23 (−B)| m 23 . We also set m 1 = so(k 1 ), m 2 = so(k 2 ) and m 3 = so(k 3 ). Therefore, decomposition (4) of the tangent space of the orthogonal group G = SO(k 1 + k 2 + k 3 ) takes the form
Let E ab denotes the n × n matrix with 1 at the (ab)-entry and 0 elsewhere. Then the set B = {e ab = E ab − E ba : 1 ≤ a < b ≤ n} constitutes a (−B)-orthonormal basis of so(n). Note that e ba = −e ab , thus we have the following: 
Therefore, we see that the only non zero symbols (up to permutation of indices) are
where i ii is non zero only for k i ≥ 3 (i = 1, 2, 3). Now we take into account the diffeomorphism
and consider left-invariant metrics on G which are determined by the Ad(
For k 3 = 1 we also consider left-invariant metrics on G which are determined by the Ad(SO(k 1 ) × SO(k 2 ))-invariant scalar products on so(k 1 + k 2 + 1) of the form
Finally, for k 1 = n − 2 and k 2 = k 3 = 1 we consider left-invariant metrics on G which are determined by the Ad(SO(n − 2))-invariant scalar products on so(n) of the form
For the scalar products (11) the only non zero triplets are (12)(23) , and for the scalar products (12) the only non zero triplets are (12)(23) .
Naturally reductive metrics on the compact Lie groups SO(n)
A Riemannian homogeneous
Here , denotes the inner product on m induced from the Riemannian metric g. Classical examples of naturally reductive homogeneous spaces include irreducible symmetric spaces, isotropy irreducible homogeneous manifolds, and Lie groups with bi-invariant metrics. In general it is not always easy to decide if a given homogeneous Riemannian manifold is naturally reductive, since one has to consider all possible transitive actions of subgroups G of the isometry group of (M, g).
In [DAZi] D'Atri and Ziller had investigated naturally reductive metrics among leftinvariant metrics on compact Lie groups and gave a complete classification in the case of simple Lie groups. Let G be a compact, connected semisimple Lie group, L a closed subgroup of G and let g be the Lie algebra of G and l the subalgebra corresponding to L. We denote by Q the negative of the Killing form of g. Then Q is an Ad(G)-invariant inner product on g.
Let m be an orthogonal complement of l with respect to Q. Then we have 
is naturally reductive with respect to
Moreover, if a left-invariant metric , on a compact simple Lie group G is naturally reductive, then there is a closed subgroup L of G and the metric , is given by the form (13).
For the Lie group SO(n), we consider left-invariant metrics determined by the Ad(SO(k 1 )× SO(k 2 ) × SO(k 3 ))-invariant scalar products of the form (10) where
Proposition 4.2. If a left invariant metric , of the form (10) on SO(n) is naturally reductive with respect to SO(n) × L for some closed subgroup L of SO(n), then one of the following holds:
Conversely, if one of the conditions 1), 2), 3), 4) is satisfied, then the metric , of the form (10) is naturally reductive with respect to SO(n) × L for some closed subgroup L of SO(n).
Proof. Let l be the Lie algebra of L. Then we have either l ⊂ k or l ⊂ k. First we consider the case of l ⊂ k. Let h be the subalgebra of g generated by l and k. Since so( 
Hence, the metric , of the form (10) satisfies x 1 = x 2 = x 12 and x 13 = x 23 , so we obtain case 1). Cases 2) and 3) are obtained by a similar way. Now we consider the case l ⊂ k. Since the orthogonal complement l ⊥ of l with respect to −B contains the orthogonal complement k ⊥ of k, we see that l ⊥ ⊃ m 12 ⊕ m 13 ⊕ m 23 . Since the invariant metric , is naturally reductive with respect to G × L, it follows that x 12 = x 13 = x 23 by Theorem 4.1. The converse is a direct consequence of Theorem 4.1.
For the Ad(SO(k 1 ) × SO(k 2 ))-invariant metrics of the form (11) the above proposition reduces to the following: Proposition 4.3. If a left invariant metric , of the form (11) on SO(n) is naturally reductive with respect to SO(n) × L for some closed subgroup L of SO(n), then one of the following holds:
Conversely, if one of the conditions 1), 2), 3), 4) is satisfied, then the metric , of the form (11) is naturally reductive with respect to SO(n) × L for some closed subgroup L of SO(n).
Finally, for the Ad(SO(k 1 ))-invariant metrics of the form (12) we have the following: Proposition 4.4. If a left invariant metric , of the form (12) on SO(n) is naturally reductive with respect to SO(n) × L for some closed subgroup L of SO(n), then one of the following holds:
Conversely, if one of the conditions 1), 2), 3) is satisfied, then the metric , of the form (12) is naturally reductive with respect to SO(n) × L for some closed subgroup L of SO(n).
The Ricci tensor for a class of left-invariant metrics on
We will compute the Ricci tensor for the left-invariant metrics on SO(n) = SO(k 1 +k 2 +k 3 ), determined by the Ad(SO(k 1 ) × SO(k 2 ) × SO(k 3 ))-invariant scalar products of the form (10). We use Lemma 2.1 taking into account (9), and we obtain the following:
Proposition 5.1. The components of the Ricci tensor r for the left-invariant metric , on G defined by (10) are given as follows: 
We recall the following lemma from [ArDzNi] (a detailed proof was given in [ArSaSt1] ). 
By using the above lemma, we can now obtain the components of the Ricci tensor for the metrics we are considering in this work.
Proposition 5.3. The components of the Ricci tensor r for the left-invariant metric , on G defined by (10) are given as follows:
For the Ad(SO(k 1 ) × SO(k 2 ))-invariant metrics on G of the form (11), Proposition 5.3 reduces to Proposition 5.4. The components of the Ricci tensor r for the left-invariant metric , on G defined by (11) are given as follows:
where n = k 1 + k 2 + 1.
Finally, for the Ad(SO(k 1 ))-invariant metrics on G of the form (12), Proposition 5.3 reduces to
Proposition 5.5. The components of the Ricci tensor r for the left-invariant metric , on G defined by (12) are given as follows: 
where n = k 1 + 2.
Left-invariant Einstein metrics on SO(n)
In the present section we provide detailed proofs on how to obtain left-invariant Einstein metrics which are not naturally reductive for the Lie groups SO(7), SO(8) and SO(n), n ≥ 9. For SO(7) and SO(8) we also describe left-invariant Einstein metrics which are naturally reductive. The other compact Lie groups SO(n) = SO(k 1 + k 2 + k 3 ) for n ≥ 7 and for all possible Ad(SO(k 1 ) × SO(k 2 ) × SO(k 3 ))-invariant metrics of the forms (10) and (11) can be treated in an analogous manner and we omit the proofs. We summarise all the results at the end of Section 7. Here, we provide information about solving or proving existence of solutions of algebraic systems of equations. These solutions correspond to Einstein metrics which are not naturally reductive.
Proposition 6.1. The Lie group SO(7) admits at least one left-invariant Einstein metric determined by the Ad(SO(3) × SO(3))-invariant scalar product of the form (11), which is not naturally reductive.
Proof. This is the case when k 1 = k 2 = 3 and k 3 = 1. From Proposition 5.4, we see that the components of the Ricci tensor r for the invariant metric are given by 
We consider the system of equations r 1 = r 2 , r 2 = r 12 , r 12 = r 23 , r 23 = r 13 .
Then finding Einstein metrics of the form (11) reduces to finding the positive solutions of system (20), and we normalize our equations by putting x 23 = 1. Then we obtain the system of equations:
12 2 x 2 + 3x 1 2 x 13 2 x 2 − x 1 x 12 2 x 13 2 x 2 2 − x 1 x 12 2 x 13 2 −3x 1 x 13 2 x 2 2 + x 12 2 x 13 2 x 2 = 0, g 2 = 2x 1 x 13 x 2 − x 12 3 x 2 + x 12 2 x 13 x 2 2 + x 12 2 x 13 + x 12 x 13 2 x 2 −10x 12 x 13 x 2 + x 12 x 2 + 5x 13 x 2 2 = 0, g 3 = −x 1 x 13 + 2x 12 3 + x 12 2 x 13 x 2 − 5x 12 2 x 13 + x 12 x 13 2 +5x 12 x 13 − 2x 12 − x 13 x 2 = 0, g 4 = x 1 x 12 − x 12 x 13 2 x 2 + 5x 12 x 13 2 − 5x 12 x 13 − 3x 13 3 + 3x 13 = 0.
We consider a polynomial ring R = Q[z, x 1 , x 2 , x 12 , x 13 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 −1} to find non zero solutions of equations (21). We take a lexicographic order > with z > x 1 > x 2 > x 12 > x 13 for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal I contains the polynomial ( 
+9078544800000.
By solving the equation h 1 (x 13 ) = 0 numerically, we obtain two positive solutions x 13 = a 13 and x 13 = b 13 which are given approximately as a 13 ≈ 0.4254295, b 13 ≈ 2.350565. We also see that the Gröbner basis for the ideal I contains the polynomials
where w 12 (x 13 ), w 1 (x 13 ) and w 2 (x 13 ) are polynomials of x 13 with rational coefficients. By substituting the values a 13 and b 13 for x 13 into w 12 (x 13 ), w 1 (x 13 ) and w 2 (x 13 ), we obtain two positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0} approximately as We substitute these values into the system (19) together with x 23 = 1. Then we obtain that r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.470542 and r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.200182 respectively. We multiply these solutions by a scale factor and we obtain the two solutions for the system of equations r 1 = r 2 = r 12 = r 23 = r 13 = 1, so we see that these two solutions are isometric. Note that this metric is not naturally reductive from Proposition 4.3. Now we consider the case (x 13 − 1) 6x 13 3 − 44x 13 2 + 90x 13 − 45 45x 13 3 − 90x 13 2 + 44x 13 − 6 = 0.
We consider the ideals J 1 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 − 1, 6x 13 3 − 44x 13 2 + 90x 13 − 45}, J 2 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 − 1, 45x 13 3 − 90x 13 2 + 44x 13 − 6} and J 3 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 − 1, x 13 − 1} of the polynomial ring R = Q[z, x 1 , x 2 , x 12 , x 13 ].
We take a lexicographic order > with z > x 1 > x 2 > x 12 > x 13 for a monomial ordering on R = Q[z, x 1 , x 2 , x 12 , x 13 ]. Then, by the aid of computer, we see that a Gröbner basis for the ideal J 1 is given by {6x 13 3 − 44x 13 2 + 90x 13 − 45, x 12 − x 13 , x 2 − 1, x 1 + x 13 2 − 5x 13 + 3, −804x 13 2 + 5284x 13 + 405z − 8112}.
By solving the equation 6x 13 3 − 44x 13 2 + 90x 13 − 45 = 0 numerically, we obtain three positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, x 13 − 1, 6x 13 3 − 44x 13 2 + 90x 13 − 45 = 0} approximately as (x 13 , x 12 , x 1 , x 2 , x 23 ) ≈ (4.16278, 4.16278, 0.485171, 1, 1), (x 13 , x 12 , x 1 , x 2 , x 23 ) ≈ (2.42874, 2.42874, 3.24492, 1, 1), (x 13 , x 12 , x 1 , x 2 , x 23 ) ≈ (0.741818, 0.741818, 0.158797, 1, 1).
We substitute these values into the system (19). Then we obtain that r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.108656, r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.125429 and r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.372581 respectively. We multiply these solutions by a scale factor and we obtain three solutions for the system of equations r 1 = r 2 = r 12 = r 23 = r 13 = 1,
We also see that a Gröbner basis for the ideal J 2 is given by {45x 13 3 − 90x 13 2 + 44x 13 − 6, x 12 − 1, 45x 13 2 − 72x 13 + 6x 2 + 14, x 1 − x 13 , −4545x 13 2 + 8010x 13 + 6z − 2554}.
By solving the equation 45x 13 3 − 90x 13 2 + 44x 13 − 6 = 0 numerically, we obtain three positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, x 13 − 1, 45x 13 3 − 90x 13 2 + 44x 13 − 6 = 0} approximately as (x 13 , x 12 , x 1 , x 2 , x 23 ) ≈ (0.240224, 1, 0.240224, 0.11655, 1), (x 13 , x 12 , x 1 , x 2 , x 23 ) ≈ (0.411737, 1, 0.411737, 1.33605, 1), (x 13 , x 12 , x 1 , x 2 , x 23 ) ≈ (1.34804, 1, 1.34804, 0.214064, 1).
We substitute these values into the system (19). Then we obtain that r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.452311, r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.304634 and r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.276388 respectively. We multiply these solutions by a scale factor and we obtain three solutions for the system of equations r 1 = r 2 = r 12 = r 23 = r 13 = 1.
Note that, from these two cases, we obtain three Einstein metrics up to isometry. Now we consider the case of ideal J 3 . We see that a Gröbner basis for the ideal J 3 is given by By solving the equation 2x 12 4 − 5x 12 3 + 19x 12 2 − 35x 12 + 26 = 0 numerically, we see that there are no real solutions. For x 12 = 1, we obtain that x 1 = x 2 = x 13 = x 23 = 1, that is, the metric is bi-invariant. For x 12 = 2/3, we obtain that x 1 = x 2 = 2/3 and x 13 = x 23 = 1, hence we obtain two Einstein metrics up to isometry.
From Proposition 4.3 it follows that the five above metrics obtained are all naturally reductive with respect to SO(7) × L, where L is a closed subgroup of SO (7), which is either SO(3) × SO(4), SO(6) or SO(7).
Proposition 6.2. The Lie group SO(8) admits at least two (non isometric) left-invariant
Einstein metrics determined by the Ad(SO(4) × SO(3))-invariant scalar products of the form (11), which are not naturally reductive.
Proof. This is the case when k 1 = 4, k 2 = 3 and k 3 = 1. From Proposition 5.4, we see that the components of the Ricci tensor r for the invariant metric are given by 
Then finding Einstein metrics of the form (11) reduces to finding the positive solutions of system (23), and we normalize our equations by putting x 23 = 1. Then we have the system of equations:
g 1 = x 1 2 x 12 2 x 2 + 3x 1 2 x 13 2 x 2 − x 1 x 12 2 x 13 2 x 2 2 − x 1 x 12 2 x 13 2 −4x 1 x 13 2 x 2 2 + 2x 12 2 x 13 2 x 2 = 0, g 2 = 3x 1 x 13 x 2 − x 12 3 x 2 + x 12 2 x 13 x 2 2 + x 12 2 x 13 + x 12 x 13 2 x 2 −12x 12 x 13 x 2 + x 12 x 2 + 6x 13 x 2 2 = 0, g 3 = −3x 1 x 13 + 5x 12 3 + 2x 12 2 x 13 x 2 − 12x 12 2 x 13 + 3x 12 x 13 2 +12x 12 x 13 − 5x 12 − 2x 13 x 2 = 0, g 4 = 3x 1 x 12 − x 12 2 x 13 − 2x 12 x 13 2 x 2 + 12x 12 x 13 2 − 12x 12 x 13 −7x 13 3 + 7x 13 = 0.
We consider a polynomial ring R = Q[z, x 1 , x 2 , x 12 , x 13 ] and an ideal I generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 −1} to find non zero solutions of equations (24). We take a lexicographic order > with z > x 1 > x 2 > x 12 > x 13 for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal I contains the polynomial (x 13 − 5)(x 13 − 1) 7x 
+146138820428187141975000.
By solving the equation h 2 (x 13 ) = 0 numerically, we obtain two positive solutions x 13 = a 13 and x 13 = b 13 which are given approximately as a 13 ≈ 0.48183112, b 13 ≈ 2.7966957. We also see that the Gröbner basis for the ideal I contains the polynomials
where w 12 (x 13 ), w 1 (x 13 ) and w 2 (x 13 ) are polynomials of x 13 with rational coefficients. By substituting the values a 13 and b 13 for x 13 into w 12 (x 13 ), w 1 (x 13 ) and w 2 (x 13 ), we obtain two positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0} approximately as (x 13 , x 12 , x 1 , x 2 ) ≈ (0. 48183112, 0.90692827, 0.20686292, 0.092856189) , (x 13 , x 12 , x 1 , x 2 ) ≈ (2.7966957, 2.6698577, 0.54677135, 0.28461374).
We substitute these values into the system (22) together with x 23 = 1. Then we obtain that r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.47140698 and r 1 = r 2 = r 12 = r 23 = r 13 ≈ 0.16491085 respectively. We multiply these solutions by a scale factor and we obtain the two solutions 0.097516624, 0.043773055, 0.42753231, 0.47140698, 0.22713855) , 0.090168527, 0.046935893, 0.44028850, 0.16491085, 0.46120545) .
for the system of equations r 1 = r 2 = r 12 = r 23 = r 13 = 1, which are not isometric. Note that due to Proposition 4.3. these metrics are not naturally reductive. Now we consider the case (x 13 − 5)(x 13 − 1) 7x 13 2 − 24x 13 + 14 287x 13 3 − 625x 13 2 + 369x 13 − 63 = 0.
We consider ideals J 1 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 − 1, 287x 13 3 − 625x 13 2 + 369x 13 −63}, J 2 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 −1, 7x 13 2 −24x 13 +14}, J 3 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 −1, x 13 −5} and J 4 generated by {g 1 , g 2 , g 3 , g 4 , z x 1 x 2 x 12 x 13 − 1, x 13 − 1} of the polynomial ring R = Q[z, x 1 , x 2 , x 12 , x 13 ].
We take a lexicographic order > with z > x 1 > x 2 > x 12 > x 13 for a monomial ordering on R = Q[z, x 1 , x 2 , x 12 , x 13 ]. Then, by the aid of computer, we see that a Gröbner basis for the ideal J 1 is given by {287x 13 3 − 625x 13 2 + 369x 13 − 63, x 12 − 1, 117 − 478x 13 + 287x 13 2 + 42x 2 , x 1 − x 13 , −123201 + 323882x 13 − 173635x 13 2 + 378z}.
By solving the equation 287x 13 3 − 625x 13 2 + 369x 13 − 63 = 0 numerically, we obtain three positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, x 13 − 1, 287x 13 3 − 625x 13 2 + 369x 13 − 63 = 0}. Since the solutions satisfy x 1 = x 13 , x 12 = x 23 = 1, then Proposition 4.3 implies that the metrics obtained are naturally reductive with respect to SO(8) × (SO(5) × SO(3)).
Similarly, we see that a Gröbner basis for the ideal J 2 is given by {14 − 24x 13 + 7x 13 2 , x 12 − x 13 , −1 + x 2 , 7 + 7x 1 − 12x 13 , −43009 + 15960x 13 + 4802z}.
By solving the equation 14−24x 13 +7x 13 2 = 0, we obtain two positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, 14 − 24x 13 + 7x 13 2 = 0}. Since the solutions satisfy x 2 = x 23 = 1, x 12 = x 13 = 1, then Proposition 4.3 implies that the metrics obtained are naturally reductive with respect to SO(8) × (SO(4) × SO(4)). (It is possible to check that these two metrics are isometric).
Similarly, we see that a Gröbner basis for the ideal J 3 is given by
and we obtain a unique positive solution of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, x 13 − 1, −5 + x 13 = 0}. From Proposition 4.3 we see that the metric obtained is naturally reductive with respect to SO(8) × (SO(4) × SO(4)). Finally, we see that a Gröbner basis for the ideal J 4 is given by {−1 + x 13 , (−1 + x 12 )(−5 + 7x 12 ), −x 12 + x 2 , x 1 − x 12 , −888 + 763x 12 + 125z}, and we obtain two positive solutions of the system of equations {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, x 13 − 1 = 0}. One of the solutions gives the bi-invariant metric x 1 = x 2 = x 12 = x 13 = x 23 = 1 and the other x 1 = x 2 = x 12 = 5/7, x 13 = x 23 = 1 gives naturally reductive metric with respect to SO(8) × SO (7) from Proposition 4.3.
Proposition 6.3. For any n ≥ 9, the Lie group SO(n) admits at least one left-invariant Einstein metric determined by the Ad(SO(n − 6) × SO(3) × SO(3))-invariant scalar product of the form (10), which is not naturally reductive.
Proof. We consider the system of equations r 1 = r 2 , r 2 = r 3 , r 3 = r 12 , r 12 = r 13 , r 13 = r 23 .
Then finding Einstein metrics of the form (10) reduces to finding positive solutions of system (25). We put k 2 = k 3 = 3 and consider our equations by putting
Then the system of equations (25) reduces to the system of equations: 
We consider a polynomial ring R = Q[z, x 2 , x 1 , x 23 ] and an ideal I generated by {g 1 , g 2 , g 3 , z( x 2 − x 23 ) x 1 x 23 x 2 − 1} to find non-zero solutions of equations (26) with x 2 = x 23 . We take a lexicographic order > with z > x 2 > x 1 > x 23 for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal I contains the polynomials {h(x 23 ), p 1 (x 23 , x 1 ), p 2 (x 23 , x 2 )}, where h(x 23 ) is a polynomial of x 23 given by h(x 23 ) = (n − 6) 2 (n − 3) n 2 − 7n + 24 x 23 8 − 2(n − 6) 2 (n − 2) n 2 − n + 6 x 23 7 +(n − 6) n 4 + 26n 3 − 269n 2 + 686n − 516 x 23 6 − 44(n − 6)(n − 3)(n − 2)(n + 2) Proof. The proof involves manipulations of polynomials using Gröbner bases, and it is quite extensive to be presented in its complete form. Since the metrics obtained are only naturally reductive, we will only sketch the ideas behind these computations. We use the components for the Ricci tensor in Proposition 5.5 and consider the system of equations r 1 = r 12 , r 12 = r 23 , r 23 = r 13 .
Then finding Einstein metrics of the form (12) reduces to finding the positive solutions of system (28), and we normalize our equations by putting x 23 = 1. Then we have the system of equations:
g 1 = nx 1 2 x 13 2 − 2nx 1 x 12 x 13 2 + nx 12 2 x 13 2 + x 1 2 x 12 2 − 2x 1 2 x 13 2 − x 1 x 12 3 x 13 +x 1 x 12 x 13 3 + 4x 1 x 12 x 13 2 + x 1 x 12 x 13 − 4x 12 2 x 13 2 = 0, g 2 = −nx 1 x 13 + nx 12 3 − 2nx 12 2 x 13 + nx 12 x 13 2 + 2nx 12 x 13 − nx 12 + 3x 1 x 13 −x 12 3 + 4x 12 2 x 13 − 3x 12 x 13 2 − 4x 12 x 13 + x 12 = 0, g 3 = nx 1 x 12 − nx 12 2 x 13 + 2nx 12 x 13 2 − 2nx 12 x 13 − nx 13 3 + nx 13 − 3x 1 x 12 +3x 12 2 x 13 − 4x 12 x 13 2 + 4x 12 x 13 + x 13 3 − x 13 = 0.
whereq(x 1 ) is a polynomial in x 1 of degree 4. We need to show that Dp (x 12 ) < 0 whenever x 1 = α, with A(α) = 0 and α > 0 (since we are interested to Riemannian metrics). By dividing the polynomialq(x 1 ) by A(x 1 ) we obtain that q(x 1 ) = A(x 1 )B(x 1 ) + q(x 1 ), where q(x 1 ) is a polynomial of degree 2 given by q(x 1 ) = 4(n − 1)f 2 (n)(a 0 (n) + a 1 (n)x 1 + a 2 (n)x 1 2 ).
Then we need to show that q(x 1 ) > 0 or that r(x 1 ) ≡ a 0 (n) + a 1 (n)x 1 + a 2 (n)x 1 2 > 0, where the coefficients of the polynomial r(x 1 ) are explicitly given as
